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Average Rate of Change 

 

Think of this as the average amount something changes over time.  Assume you have a huge 

pile of pennies that is five foot tall.  Then each day you take some pennies to buy some gum.  

So, your pile of pennies would decrease.  Some days it would not decrease at all, if you didn’t 

buy any gum.  Some days it would decrease a lot if you bought a lot of gum and some days just 

a little if you bought only one gum.  Let’s assume you wanted to know on average how much 

your pile of pennies would decrease in a month.  So, you just measure it on the final day, let’s 

assume three feet tall.  Then you divide it by the number of days in that month.  Again, let’s 

assume 30 (feel free to change this number depending on the number of days in that month).  

So, you would get 2 feet/30 days.  Which is 1 foot per 15 days or 12 inches per 15 days which is 

4 inches per 5 days or 0.8 inches per day is your average rate of change in the height of the pile 

of pennies. 

 

So, the average rate of change is the final value minus the beginning value all divided by the 

amount of time.  In a formula that is 

                         

                                  
 

Or as you might see it in a Calculus book: 

The average rate of change from time=a to time=b is 

  

         

   
 

 

  



Average Speed 
 

You are taking a road trip with your family.  Sometimes you are not moving at all (bathroom 

break, getting gas, traffic light, etc.), sometimes you are going very fast (open highway) and 

sometimes you are going slow (traffic).  If you wanted to know what your average speed was, 

you just take your total distance traveled and divide by the time. 

  
                               

          
 

Or as you might see it in a Calculus book: 

                       

          
 

 

  



Connected Graph 
 

When we talk about a continuous function we need to make sure there are no holes or gapes in 

the graph throughout its domain.  So, the graph needs to be connected throughout the domain.   

A connected graph on its domain is a graph you can draw without lifting the pencil/pen off the 

paper. (No cheating!  Don’t fold part of the paper over and draw on the fold and then unfold it 

and say – hey that is not connected but I didn’t lift the pencil off the paper!) 

Simple Test: Did you NEED to lift the pencil/pen off the paper to draw the graph each part of 

the domain ?   

  Yes: It is not a connected graph 

  No: It is a connected graph 

For example the domain of y=1/x is (-infinity, 0) and (0, infinity).  From (-infinity, 0) it is 

connected and from (0, infinity) it is connected. 

 

  



Continuity at a point 
 

When we talk about continuous functions we know the entire graph, on its domain is 

continuous, however, we may not have a continuous function like the greatest integer function, 

but parts of the graph may be continuous.  So, we may want to know if a certain point is 

continuous.  So, we talk about the continuity at a point.  Continuity at a point exists if we can 

find at least a small neighborhood around that point where we can draw the graph without 

lifting the pencil off the paper. 

Let’s imagine the graph   
 

 
, as you know it is not a continuous function on the interval from 

negative interval to positive interval, because you cannot draw the entire graph without lifting 

your pencil off the paper.  However, at every point except 0 it is continuous.  So, we can say it is 

continuous at x=1 because I can find a small neighborhood, example (0.5, 1.5) where it is 

continuous (meaning I can draw from x=0.5 to 1.5) without lifting my pencil off the paper.   

How small is small?  Well in math, small is infinitesimally small.  So, we say the graph is even 

connected at x=0.000000000000000000000000001 (which is         ) because I can find a 

small neighborhood around that point where it is connected.  One such neighborhood would be 

(0.0000000000000000000000000001, 0.00000000000000000000000001) or 

(                ) 

So, if you can draw a SMALL portion of the graph without lifting the pencil off the paper in a 

small neighborhood around that point (and including that point) then the graph has continuity 

at that point. 

 

  



Continuous at an endpoint 
  

Normally when we talk about a point being continuous we talk about a small neighborhood 

being continuous.  However for this definition we only care about the point being part of the 

graph and one side of it is continuous. 

Example   √ , we say that function is continuous at x=0 because f(0) exists and one side of 

x=0 (namely the right side, or positive side) is continuous.  i.e. it is continuous from [0, infinity) 

However   
 

√ 
 is not continuous at the endpoint x=0 because x=0 is not part of the graph. 

So, simple test if asked if x=a is continuous: 

 Does f(a) exist and is it continuous on EITHER [a, a+h) or (a-h, a] where h is ANY small 

number? 

  Yes: It is continuous at the endpoint. 

  No: It is NOT continuous at the endpoint.  



Continuous at an interior point 
 

Of course, if the function is continuous then it is continuous at every interior point.  However, 

some functions are not continuous.  But we know that for most graphs, some part of them is 

continuous.  So, we want to know if we have an interval (a,b) and c is an interior point of (a,b) 

then is it continuous at that interior point. 

This can be answered by looking at this definition: Continuity at a point 

 

 

  



Continuous extension 
 

Let’s assume you are in a traffic accident (heaven forbid) and you lose a hand.  We might say you are not 

“continuous” as you are missing a piece of you.  Now, if you go to a specialist, he might be able to give 

you an artificial hand that give you movement.  Now, you are “continuous” again.  We have filled that 

missing piece and you can once again feel whole. 

So, now imagine a graph that is not continuous.  Now, add a piece to that graph that makes it 

continuous.  Then that piece is called a continuous extension. 

Example: f(x)=
 

    
, is not continuous on (negative infinity to positive infinity) because it doesn’t exist at 

x=0 

  

However,      {
        
     

 is continuous. 

 So, we can say that h(x) is a continuous extension of f(x) because it is now continuous. 

 So, we can say that a function f is a continuous extension of another function g, if f is continuous 

and f contains g.   



Continuous function 
 

NOTE: This is a confusing topic, because it is generally not covered as is. 

If you are talking about continuous function at a point look there. 

If you are talking about continuous function on an interval (the most common) look here. 

The AP Exam does not talk about continuous function by itself.  It talks about  

 continuous function at a point  

 continuous function on an interval 

If however, you are looking for continuous function as is, then let me give you an example.  y=1/x is a 

continuous function.   Most people would say no, because x can’t be 0 and that is the exact difference 

between “continuous function” and “continuous function on an interval”. 

For a function to be a “continuous function” it needs to be continuous on its domain.  As you know x=0 

is not part of the domain of y=1/x.  So, think of a continuous function as a continuous function over each 

part of the domain of the function.  So, looking at negative infinity to 0, y=1/x is continuous and again 

from 0 to positive infinity it is continuous.   

So, just remember if the function is continuous everywhere the function is defined then it is a 

continuous function.  



Continuous on an interval 
 

This is what the AP Exam considers when it talks about a continuous function.  For example we can say 

that y=1/x is continuous from (2,3) or (1,19) but the largest interval is (negative infinity to 0) and (0 to 

infinity). 

So, given any interval (a,b) if the function can be drawn without lifting the pencil off the paper from a to 

b, then we say it is continuous on an the interval (a,b). 

  



Discontinuous 
 

Let’s assume you are walking on a path that will take you to your parent’s house.  Any 

disruption in the path would make the path discontinuous, whether it be a pothole or river 

stopping your progress. 

Any function that is not continuous is called discontinuous.  At any point where it is not continuous it is 

called a point of discontinuity. 

These following things can make a function discontinuous: 

 Jump discontinuity 

 Oscillating discontinuity 

 Removable discontinuity 

 Infinite discontinuity 

  



 

End behavior model 
 

When you go on a trip, you just can’t look at where you are, but where you are going.  For 

example, if you are going to go to Australia during its winter, then you need to take coats.  Well, 

similarly when graphing, knowing how the graph will look towards the end will help with the 

graphing of the entire graph. 

The end behavior model is a way for us to know what the function looks like at the ends and by the 

ends, I mean as x-> infinity and x-> negative infinity.  Does the graph approach y=0 or does the graph go 

up towards infinity, or what? 

 For example:  

  We know y=1/x at the ends approach y=0 

  We know y=x at the ends approach infinity on the right and negative infinity on the left. 

 The end behavior model will also tell us if there is an horizontal asymptote. 

Examples: 

  
      

          
 has End behavior model       so we know that this has no horizontal 

asymptotes and goes up on both ends. 

  
      

           
 has End behavior model   

 

    so we know this has the y-axis for its horizontal 

asymptote which means that at the ends it is approaching 0. 

 So, an End behavior model tells us what the graph will “look like” as it goes further and further 

away from 0 (on both ends). 

 

 

  



Horizontal asymptote 
 

A horizontal asymptote is similar to a vertical asymptote in that a graph approaches it but that 

is where the similarities end.  A horizontal asymptote can be crossed and ONLY helps with the 

graphing at the ends. 

A horizontal asymptote is used as a guide on how to draw the function near the ends.  (far away 

from 0).  Unlike vertical asymptotes, they may be crossed. 

If we say a function has no horizontal asymptote then we know the graph EITHER keeps going 

up, up and up or down, down and down on both ends.  If however, we say the function has a 

horizontal asymptote then we know the graph will approach that horizontal asymptote. 

For example y=1/x has the y-axis as a horizontal asymptote, so we know as we go FAR AWAY 

from x=0 that the graph will approach y=0. 

We know y=x keeps going up and up (to the right) and down and down (to the left) so this 

graph does not have a horizontal asymptote. 

So, a horizontal asymptote tells us what happens at the ends and gives us a guide on how to 

draw a function (far away from x=0). 

 

IMPORTANT NOTE: A horizontal asymptote is useless near x=0.  It is ONLY useful far away from 

0.   

Horizontal asymptotes can be calculated using limits towards infinity and negative infinity.   

The end behavior model helps determine a horizontal asymptote. 

 

 

  



Infinite discontinuity 
 

Think of a river that “theoretically” goes on forever and has no bridge and cannot be crossed.  

You see your friend on the other side and no matter how far you and your friend travel up or 

down river, you get closer to each other but cannot cross the river.  Let’s say the river is at x=5.  

So, we say that x=5 is an infinite discontinuity in the graph. 

We say a graph has an infinite discontinuity if there is a vertical asymptote. 

If your graph has a vertical asymptote then that function has an infinite discontinuity at that point where 

the vertical asymptote exist. 

Example: y=1/x has a vertical asymptote at x=0.  So, there is an infinite discontinuity at x=0. 

  



Instantaneous rate of change. 
 

This is similar to our average rate of change except instead of calculating over a long period of 

time, we want our time to be as short as possible.  What is short in math?  Shorter than 

0.0000001 seconds.  Actually we want the time to “approach” 0.  So, actually we want to use 

limits to find the instantaneous rate of change. 

 Our equation is       
           

 
 

We can still use our formula  

                         

                                  
 

But the difference is that the total time will be approaching 0 and that is why we use limits to more 

easily calculate it. 

For example: A rock is dropped from the Empire State Building, the change in position at the beginning is 

much smaller than the change of position a couple seconds later.  So, it may be important to find the 

rate of change at any EXACT time t and that is the instantaneous rate of change. 

 

 

  



Instantaneous speed 
 

If you are driving a car, just look at the speedometer and you have just found out your 

instantaneous speed.  In other words, you have found your speed at exactly now, or at any 

exact time. 

This is very similar to instantaneous rate of change but dealing with distances.  So, we can use 

the same formula as it  

   
   

           

 
 

 

Except we can say 
                                 

               
 but we want the change in time to go 

to 0. 

  

  



Intermediate value property 
 

Let’s assume you are driving from Southern Texas  to Northern New York.  Your car stays on the road (ie 

you don’t put your car on a train, truck or plane.  Let’s assume you are located at latitude 26.00000 and 

longitude -98.0000 in Southern Texas and let’s also assume you are going to Latitude 44.00000 and 

longitude -74.0000 in New York.  Let’s also assume that you never go west of longitude -98.0000 and 

you never  go east of -74.0000.  Then we can pick any latitude between 26.00000 and 44.0000 and you 

MUST have crossed it AT LEAST once. 

This means you must have crossed latitude 27, 28, 29, etc.  As well as 27.1234 and 

28.234289423849834, any real number you can think of between 26.000 and 44.000 and you crossed 

that latitude.  That is the intermediate value property because your car stayed on the road and thus 

provided a continuous line from latitude 26 to latitude 44.  So, you MUST cross EVERY real number 

between 26 and 44. 

This is the same as a graph.  If the graph is continuous between Point A (c,d) and Point B (e,f) , then the 

graph must go through every y value between d and f. 

If you did not cross every latitude between 26 and 44 then you did not start at 26 or you did not end at 

44.  That is the intermediate value property.  Meaning you cannot go from the beginning to the end 

without crossing every point in between if your graph/driving is continuous. 

  



Jump discontinuity 
 

Let’s assume that road is a graph and potholes are removable discontinuities and you come upon a river 

and there is no bridge.  To get across, you have to jump.  So, your road has a jump discontinuity.  While 

you can walk over a pothole, you cannot walk over the river.  So, you must jump.   

Consider the graph y=[[x]]  (greatest integer function) at every integer you have to jump up (or down if 

you are going left).  So, that graph has jump discontinuities at every integer. 

  



Left end behavior model 
 

This is the same as the end behavior model but only on the left side (towards negative infinity). 

There are some functions that will affect the left side differently than the right side. 

  
 

      has left end behavior model  
 

 
  but the right end behavior model is 

 

     



Left-hand limit 
 

Make sure you read limit of a function before this. 

 

Let’s assume that tree you walk up to has a ledge on the left side and not on the right side.  So, you are 

not able to reach as far on the left as you can on the right.  So, you cannot reach the same spot on the 

tree on both sides.  So, we say the tree (or rather the x) has no limit. 

However, it does have a left-hand limit and a right-hand limit.  The left-hand limit is how high you can 

reach on the left side of that tree.   

Please remember, that just like limits we don’t care what the value is at the point 

So, the left-hand limit of a function as x->c  is what the y value approaches as you go from negative 

infinity to c. 

  



Limit of a function 
 

Let’s say you walk up to a tree and touch the highest part you can reach then you walk over to the other 

side of the tree and reach up to the highest part you can reach.  If you reached the same point on both 

sides of the tree, then you reached your limit at the tree.  Now, consider the tree to be an x-value and 

how high you reached to be the y – value (in this case, the limit). 

So, we don’t say “limit of a function”, we say “limit of a function at a certain value (or rather the limit of 

a function as x approaches a value)” like the following.          =25.  



Normal to a curve 
 

This is the same process as tangent line to a curve except once you find the slope of the tangent line m, 

then the normal line has slope -1/m. 

  



Oscillating discontinuity 
 

Let’s assume you are in a square room and you are on one side of wall and want to walk to the other 

side of the room but to get there you bounce yourself off the other 2 walls to get there and it takes 1 

min to get there.  Now, you walk back to the original point but you bounce twice as often off the other 2 

walls and you get there in ½  the time.  Then you go back to that point by bouncing off the other 2 walls 4 

times as often and you get there in ¼  the time.  Then back to the beginning by bouncing off the other 2 

walls 8 times as often and get there in 1/8 the time.  Now, 1 minute later how far from the center are 

you?   

The problem is that you are oscillating too fast up and down that you can’t find the limit.  That is an 

example of an oscillating discontinuity. 

     (
 

 
) is a typical example.  As you can see you cannot possibly tell what the limit is as x 

approaches 0.  So this function has oscillating discontinuity. 

 

 

 

  



Point of discontinuity 
 

Imagine you are walking from one city to another.  Any potholes that you see are removable 

discontinuities as well as rivers which are jump discontinuities that you must jump.  There are not 

oscillating discontinuities on a real road, but imagine a road that turned to the right and left an infinite 

number of times before you got to your destination.  As for an infinite discontinuity – imagine coming up 

to a river and you try to walk around but the river goes on for infinity (of course impossible on a planet). 

These are the  points where the function is not continuous on the interval       .  See continuous on 

an interval. 

For example: y=1/x has x=0 as a point of discontinuity. 

Y=(x+3)/(x+3) has x=-3 as a point of discontinuity. 

  



Removable discontinuity 
 

Imagine you are walking on a road and you encounter a pothole.  You fill the pothole and then continue 

on your way.  You just removed a discontinuity and that discontinuity was a removable discontinuity.  A 

removable discontinuity is the only discontinuity that can be changed to be continuous with a change or 

creation of one point, in the previous example by filling the pothole. 

  



Right end behavior model 
 

This is the same as the end behavior model but only on the right side (towards positive infinity). 

  
 

      has right end behavior model is 
 

   but the left end behavior model is   
 

 
   

 

  



Right-hand limit 
 

Make sure you read limit of a function before this.  This is the same as left-hand limit except on the right 

side. 

 

Let’s assume that tree you walk up to has a ledge on the left side and not on the right side.  So, you are 

not able to reach as far on the left as you can on the right.  So, you cannot reach the same spot on the 

tree on both sides.  So, we say the tree (or rather the x) has no limit. 

However, it does have a right-hand limit and a left-hand limit.  The right-hand limit is how high you can 

reach on the right side of that tree.   

Please remember, that just like limits we don’t care what the value is at the point. 

So, the right-hand limit of a function as x->c  is what the y value approaches as you go from positive 

infinity to c. 

  



Secant to a curve 
 

Let’s assume you are walking along a path and instead of following the curve, you walk through the 

forest, in a straight path, and pick up the path again.  You just made a secant to a curve.  A secant to a 

curve is a line that goes through two points on a curve.   

A secant line is useful in demonstrating how to construct a tangent line.  A tangent line to the curve is 

created by making those points come infinitesimally close. 

 

 

  



Slope of a curve 
 

As you know a straight line has one slope.  But, a curve normally keeps changing its slope.  So, when we 

say the “slope of a curve” we actually mean the “slope of a curve at x”. 

Let’s assume you are sitting on a board, whose slope is 0, then a big guy comes up in front of you and 

slowly lifts that board.  That board’s slope is increasing, then lowers the board, so the slope decreases.  

However, a better way to think of it, is a roller coaster, as you go up and down the steeper the slope the 

more scarier the ride.  Now, we don’t have a board or roller coaster on a curve but we have a y value 

that changes as x changes and its next y value, as we change the x, is determined by the slope.  The 

same thing happens in a curve as it twists and turns, the slope of the curve will change sometimes from 

negative to positive, from positive to negative, possibly always remain positive or even always remain 

negative.  



Tangent line to a curve 
 

As you know most curves change their slope as you move from one x value to another (straight lines an 

obvious exception). 

Let’s imagine you have a magnet secured to a rope that you are swinging around your head and 

attached to that magnet is another magnet.   Let’s imagine that as the magnet reaches a certain point 

where the two magnets will separate, at that point, the curve the magnet is on has a slope m.  When the 

other magnet detaches it will continue on a straight line from that point with slope m.  That line is a 

tangent line to the curve because at that point, both the curve and the line have the same slope, m. 

The technical way to get the tangent line to a curve is to use a secant line and get the two points 

infinitesimally close to each other.  That will produce a tangent line to the curve. 

  



Two-sided limit 
 

There is no difference between this and a limit of a function.  A limit of a function is a two-sided limit.    



Vertical asymptotes 
 

Imagine you are walking and see a vertical river and start walking beside it getting closer and closer as 

you walk beside it.  You keep theoretically getting closer and closer without touching it.  Then that river 

is a vertical asymptote.  (as a side note, you are approaching it asymptotically). 

The most common way to find a vertical asymptote is to set the denominator of a fraction to zero and 

solve.  Like y=1/x.  It has a vertical asymptote at x=0 because the denominator = 0 when x=0. 

Another way occurs when the function approaches a value but never obtains it.  For example y=ln x. 

ln x has domain (0, infinity) – it approaches x=0.  x=0 is the vertical asymptote. 

   



Vertical tangents 
 

This is a tangent line that is vertical.  An example would be a circle centered at the origin of 

radius 1, then there would be vertical tangent lines – x=1 and x=-1. 

 


